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20. ABSTRACT CONTINUED

spherical particles as a pair of particles that are a mirror image of each
other and using the first order perturbation theory, it was learned that the
sum of scattering or extinction cross sections of these two nonspherical
particles is equal to a scattering (or extinction) cross section of a suitably
defined sphere.
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D. MOST IMPORTANT RESULTS
1. Perturbation Approach to Light Scattering by Nonspherical Particles.
We have performed a series of calculations applying the first
order perturbation theory to the scattering of electromagnetic waves
by nonspherical particles. The surface of the nonspherical particle

was parameterized in the form

TR O gy NP WA v TR T

r = rs(l + Ef(69¢)),

where T, is a radius of unperturbed sphere, f(6,¢) describes the

shape of nonspherical particles, ané the perturbation parameters

€<< 1. We have used several different forims of the shape function
£(6,9), and we have éompared the numerical results obtained using the
perturbation approach with those using the extended boundary condition
method. In this wav the region of applicatility of the first order

perturbation method was esiablished.

2. 1Liight Scattering by a Pair of Conjugate Wonspherical Particles.
We define a pair of conjugate nonspherical particles as a pair of
partisles that are a mirror image of evach other. Using the first

order perturbation theory we have learned that the sum of scattering

or extinction cross sections of these two nonspherical particles
is eyuzl to a scattering (or extinction) cross section of a suitably

defined sphece.

E. APPENDIX

Contains all papers supported by the ARG as listed in part A of the Report.
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APPENDIX 1

Light scattering by a pair of conjugate nonspherical particles .

Petr Chylek,* J. T. Kiehl,* and A. Mugnai'
Center for Earth and Planetary Physics, Flarvard University, Cambridge, Massachusetés 02138
and Nationai Center for Atmospheric Research, Boulder, Colorado 80307
(Received 1 February 1979)

Applying the first-order perturbation theory, we have derived a theorem which states that, under
specific conditions, the sum of the scattering matrices of two nonspherical particles can be replaced
b/ the scattering matrix o a sphere. Consequently, a polydispersion of such nonspherical particles
can be replace. by a polydispersion of spheres, without changing scattering characteristics of the
polydispersion. This implies the nonuniqueness of the inverse-scattering problem. To verify the valid-
ity of the theorem, the differential scattering cross sections of several nonspherical rotationally
symmetric particles have been calculated using the extended boundary condition method. The re-
sults show that the theorem is satisfied with accuracy expected from the first-order perturbation

theory.

INTRODUCTION

Light scattering by small particles hos found many appli-
cations in astronomy, biviogy, chemistry, meteorology,
physics, and other branches of science. In some situations
the scattering particles are spherical (for example, fog and
cloud droplets) and in other situations they are nonspherical
(dust particles in the Earth’s or the Marti in atmasphere, dust
grains in interplanetary and intergal.ctic space, macromole-
cules, cells, etc.). '

Because the scattering probiem can be solved analytically
only for very few highly symmetric ~iiapes and because the
analytical solution for spherical sratterirs is much simpler
than for other shapes, in manv praciivid 2pplications the Mie
theory (scattering by spherical partu tesi is used regardless
of the real shape of the scattv.ng part: s, Such areplace-
ment of a nonspherical poivdi: n of particles by a
spherical polydispersion may e aces prable in some cases;
however, in other cases it mov lead to considerable dis-
crepancies, depending on the exnct shapes of the particles
pres-nt. Unfortunately, there ore no baown eriteria to decide
under which conditions and with what aevaracy nonspherical
particles can be replaced by cphicrical particles. [t is the
purpose of this report to show that, under well-specified
conditions, nonspherical particl. < cia be replaced by spherical
ones without siyaificantly ctor-ing any of the scattering
characteristics like scattering, b 1pUon or extinetion cross
sections, ditferential scatterin,: vvoss =oction, or the state of
polarization of the scattered radi stior,

CONJUGATE PARTICLES THEOREM

Consider for simplicity a neoa-pherioal porticle that can be
obtained by the deformation of 1sphere tiviy 1) insuch a way
that the depth ¢ of the laver in which the deformation occurs
is equal to

t=2r¢ 1

where r is the radius of the ori ‘inal und-formed sphere and
¢ is a number considerably sma lee than one. We should re-
alize that even if

(L1, (2)
the thickness t does not hove to be vervsmall, For example,

for ¢ = 0.1, the thichness ¢ is eqoad te 2070 of the sphere's ra-
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dius. It is convenient to parametrize the surface of such
nonspherical particles by

“ry = {1 + €f(0, 3)). &)}

where 0 and ¢ are the usual spherical angular coordinates and

the function f(f, ¢) specifies the deviation of the particles trom '

a sphere in the direction given by angles 0 and ¢.

Let us define what we will call a pair of nonspherical pae-
ticles conjugate with respect to a sphere of radius 7. Conauler
two nonspherical particles: particle A and particle B. If the
surface of these two particles is described hy the equations

ars = {1 + ¢f(0, ¢)], @
wrs = {1 — /{0, ¢)], (5)

where 4r, is the magnitude of the radius vector of an arbitrary
puirt on the surface of particle A and pr; is the magnitude of
the rudius veetor of a surface point on particle B, we wal sav
that the nonspherical particles A and B are conjug:te with
respect to a sphere of radius r. We can also say that the
nonsphaical particles A and B are conjugate with respect ty
asphere of radius r it particle B is the mirrur imaze of pariicle
A with respect to a spherical mirror of radius r and vice versa.
A few examples of conjugate nonspherical particles are shown
in Fig. 2.

The olectromagnetic field B, scattered by agiven purticle
(spherical or nonspherical) can be written in the form

E,=SE, (6)

where E; is the clectric vector of the incoming radiatinn and
Sis a2 X 2scattering matrix, the form of which is determined
by the j.roperties of the scattering particle, such as the par-
ticle’s shape, size, and material. To determine expliciiy the
form of the clements of the scattering matrix 8, one has te
solve Maxwell's equations for the boundury conditions sat-
isfied on the surface of the scattering particle; closed form
analytica! solutions have heen derived only for o). herical
patticles, splicroids,” and tafinitely long exvlinders, and it is
doubttul that a closed form analytical solution can oxi s for
an arhitranly shaped particle as considered in this study,
Since the parameter cappearing in Egs. (3)-(5) is consid-
crably smaller than one, however, first-order perturhation
theory - he applied to the convddered case of light et ering
by nonsphericid particles. Tt follows® that if light s tering
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FIG. 1. Consideration of a nonspherical particle whose deviation from
a sphere of radius r occurs only in a spherical shell of thickness t with inner
and outer radius equal 1o 7{1 — €) and r{1 + ¢), respectively.

by a spherical particle is described by the scattering matrix
8, then the scattering by a nonspherical particle A, as specified
by Eq. (4), is described by the scattering matrix

AS=S8+¢€S,, (7)

where the matrix S, is independent of e. Since the difference
in the mathematical description of nonspherical particles
conjugate to each other with respect to a spherc of radius r is
only the sign of the parameter ¢ [compare Eqs. (4) and (5)], the
scattering matrix 58 describing light scattering by a particle

B (which is conjugate to A with respect to a sphere of radius
r) is given by

S =8-S, 8)

By adding Eqgs. (7} and (8), we obtain a basic theorem-—
which we will call the conjugate particles theorem—allowing
us to replace conjugate nonspherical particles by spherical
particles without changing the observable scattering charac-
teristics of the system. We obtain

AaS+;8=28, 9)

which says that the sum of the scattering matrices of two
nonspherical particles A and B, conjugate with respect to a
sphere of radius r, is equal to twice the scattering matrix of a
sphere of radius r.

Since € « 1, the same additive property is valid for experi-
mentally observable quantities like the differential scattering
cross section (phase function), absorption, scattering and
extinction cross sections, and polarization (we neglect terms
proportional to 2 and higher powers of €).

Remember that the sum 4 S 4 g8 in Eq. (9) means the sum
of two single-particle scattering matrices (not a two-particle
scattering matrix). Also, we consider the case of incoherent
scattering where distances between individual particies are
much larger than the wavelength of the scattered radintion.
Therefore, the sum 4S8 + g8 is not a function of the distance
between particles A and B.

1551 2. Opt. Soc. Am., Vol. 69, Wo 11, November 1970

FIG. 2. Several exampizs of
conjugate nonspherical particles.
Nonspherical particles 4 (-otd
fine) and B (dashed line) oo con-
jugate with respectto a s rre of
radius r. Particles show in {1}
and (b} are rotationaliy symmatric
and resemble prolate and culate
spheroids very closely. 7o a
given nonspherical pariicle .5t a
conjugate particte can be eirera
particle 8 or a panticle & de-
pending on the radius of the
sphere with respect to with tha
_ particles are conjugate [tct. (k.
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NUMERICAL RESULTS

To verify the validity of the derived theorem, we have cal-
culated the differential scatteriin; cross sections of several
nonspherical axially symmetric particles using the extended
boundary condition method.®% We considered four sets of
nonspherical conjugate particles given by the equations

r, = r(1 £ € sin%), (10a)
ry =r[1 % € T, {cosh)], (10b)
ry=r{l £ € Ty (cosh), (10¢)
ry =r{1 £ € (cos 0], (10d)

where T, (cos 8) is the nth Chebyshev polynomial of the first
kind, and where Py(cos ) is the fonrih-order Legerdre poly-
nomial. While (10:) and (10b) are canvey, particles described
by Eqs. (10¢) and (100) are concave. Cross sectional views
of the particles (102) and (10hY ; re schematically shown on
Figs. 2{a) and 2(b). Let us conr +ler the reiation between the

1562 J. Opt. Soc. Am., Vol. 69, v, 11, November 1979
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differential scattering cross sections of the form
AU+;;0=2,U (11)

following from the theorem {Eq. (9)] for the casee & 1 (in the
above notation .o stands for the differential scattering cross
section ¢t a sphere of rudius r). In Fig. 3 the perrentage
error

LA CL A L NI (12)

A0+ po.

is plotted as a function of the scattering angle for two d*tirent
orientativts of the scattering particles. In general, we cn say
that for ¢ = 0.01 (deviation from a sphere occurs in an outer
layer of tivickness equal to 2% of the radius), the theor.m is
sansdied with an accuracy b tter than 0.1%. Withe = 0,07 (¢
equal to 11V of the radius), the accuracy is than 2%; and fusally
with ¢ = .10 (¢t equal to 2070 of the radius), the accur v is
alwa > better than 10%. "Uhis accuracy is in agreemen.t with
what one should expeet from neglecting terms proj ortional

Ch¢lek et al 1532
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itself in a different orientotival -

to 2 withrespect toe. We conclude th ¢ 'z numerical results
confirm the validity of the conjugate part.cles theorem.

APPLICATIONS

The derived theorem has several practical consequences.
Whenever we have a polydizpersion of nonspherical particles
such that for each nonspherical parti-le of the polydispersion
there exists another nonspherical p:ticle in the same poly-
dispersion that is conjugate t~ the pr vious one with respect
to a sphere of radius r, then the con-iered polydispersion of
nounspherical particles can be replace @ v a polydispersion of
spheres (each pair of nonspherical paiticles conjugate with
respoct to a sphere of radius r is repiaced—according to the
theorem-—by two spheres of radius r) without a change of
scattering characteristics of the polydi~porsion. It means that
within the accuracy of order € al! scattering characteristics of
both polydispersions are identical and there is no experi-
mental measurement that can distinzitish between these two
polydispersions on the hasi~ of their scutiering properties.
This shows directly the nonuniqueriss of the inverse-scat-
tering problem. From the scatterir,: characteristics measured
with a definite experimental ercor < » cannot deduce unam-
biguously the size distribution of the ~cattering particles (even
if we assume that the index of refraciion is known). Even
more, we are not able to determine whether particles are
spherical or nonspherical.  Of course, with increasing exper-
imental accuracy the range of ambiguity decreases.

If a nonspherical particie i3 self-conjuzate (conjugate to

) i re3nect Lo a sphere of
radius r, then the scatterine mat:. v of this particle averaged
over all orientations is ewnal o the scattering matrix of a
sphere of radius r.

If we write the conjugate v ~ticles thetvrem of g, (9) in the
form

pS=28-,8, (13)

we can see that the scatteriny .1z of the nonspherical
particle & can be caleulat ¢ «onee wo Know the scattering
matrix of the nonspherieal pariacio A venjugate to B with re-
spect to asphere of radius r. Lot us assizae that the scattering

matrix of the nonspherical particl: A - Snoan. Wecanmake,
for example, a model of the carncde U and perform micro-

wave scattering experiments o dob riaine its scattering

1553 J. Opt. Soe. Am., Vol 69, N 1, Y. ember 1079

matrix. Then we can choose a set of spheres with radii ry,
ra, ry, ..., r, and determine the shapes of the nonspherical
particles By, B., .. ., B, conjugate to the nonspherical particle
A with respect to the spheresof radiiry, ro,r., ..., r. Then
the scattering matnices for the nonspherical particics 4y,
By, By, ..., B; can be calculated from Eq. (13). Thus, one
experimental measurement can provide scattering matrices
for several differently shaped nonspherical particles.

Finally, one can similarly define nonspherical particles
conjugate with respect to a surface other than a sphere (for
example, with respect to an oblate or a prolate spheroidi and
then replace a polydispersion of irregular conjugzate purtictes
by a polyvdispersion of spheroidal particles the scattering
property of which can be calculated analytically.
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Verification of a Linear Relation between IR Extinction, Absorption and
Liguid Water Content of Fogs

R. G. PinNICK
U.S. Army Atmospheric Sciences Laboratory, White Sands Missile Range, N 88002

S. G. JENNINGS!
Department of Pure and Applied Physics, University of Manchester Institute of Science
and Technology, Manchester, England
PETR CHYLEK
Center for Earth and Planetary Physics, Harvard University, Cambridge, MA 02138

H. J. AUVERMANN
Physicul Sciences Laboratory, New Mexico State University, Las Cruces, NM 88003
(Manuscript received 15 December 1978, in final form 3 April 1979)

ABSTRACT

A linear relationship, in'eoondent of the form of the size-distribution, beiween extinction at wave-
lengths around A = 1l ury, o w-ptionaround A = 3.8and 9.5 um, and liquid water content of atmospheric
fogs has been ventied © 331 droplet size distnbution measurements made under a variety of
meteorological conditions. resuits suggest that integrated liquid water content along a path in fog
can be determined tiom mowurement of CO, laser (A = 10.6 um) transmiysion along the path, and that
liquid water contert at a « o cular point in fog can be inferred from in sirn measurement of fog-droplet
absorption with » deute:r e Huoride laser (A = 3.8 pum) or a suitably tuned CO, laser (% = 9.5 um)

spectrophone.

1. Iniroduction

It has been recently shewn (Chylek, 1978) that a
linear relationship, indepeadent of the form of the
size distribution, should ¢xist between the infrared
extinction around A = 1! m und the hyuid water
content of fogs. The relation can be written in the
form

o= Ty (n
2p)
where o, is the volume extinction coefficient meas-
“Ywatercontent,
p the density of water, and the cetiicient ¢ 1S equal
to the slope of a straight line thut approximates
the extinction efficiency curve .11 ,A) by

Qx.a) = o\, 2)
where the size parameter xis Jeiinsd by the ratio of the
particle circumference to 1he woavelensth, An ap-
proximate value of the cocficint cth)at A = 11 um

' Visiting U.S. Army Atmospheric Sciences T aboratory.

002 492879 DR1ST77- 10306, 50
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isc = 0.31. Tue conditions under which the approxi-
mation (2} ace valid and the Jerivation of the rela-
tion (1) have been discussed elsewhere (Chylek,
1978).

In this paper we verify the validity of relation (1)
by calculating the volume extinction coefficient ..
and the bauid water content W for 341 different fog
droplet size distributions (Garland, 1971; Kumai,
1973; Garland er al., 1973: Kunkel, 1971: Rouach
et al., 1976; Pinnick ¢r al., 1978) measured under
various meteoralogical situations.

We alse show that a linear relationship. similar
to (1), eaists between the infrared absorption
cocfficient in the spectrad regime A = 3.5-5.3 um,
8-10 um, and the liquid water content of fogs.
Thus for example. the absorption coetficient of fogs
at A = 3.8 um is uniquely related to their extinction
and absorption at A - 10 um

2. Selected foy, size distributions

Relatively tew relinble meusurements of fop
droplet size d'stributions have been made, particu-
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larly for which numerical data ore available. The
fog measurements used here we ji'dye to be reliable
and were chosen to represent & wide range of fog
conditions ranging from muriti.ne and continental
advection fogs [Kumai, 1973; kounnel, 1971 and part
of Garland’s (1971) work] to ininnd radiation fogs
(Garland, 1971; Gurland et «f., 1973; Roach er al.,
1976; Pinnick er al., 1978). The early work on
evolving fogs near the Atluntic Ocean in France
and stable inland fog and haze near Paris by Arnulf
et al. (1957) was not uscd because tt was not
possible to obtain truc droplet distributions from
their figures. Arnulf ¢r «l. (1957} cuptured droplets
on spider threads (for v hizh the capture coefficient
depends on droplet ~izey but gives only the uncor-
rected droplet distribution data. Resuits of the
pioneering work of May (1961) using a specially
designed two-stage impuctor were not used since
the numerical data are no longer available (May,
private communication, 1978). Measurements of

valley fog drop sizes obtained by exposing gelatin-

coated shides to a stream of foroy air by Pilié er al.
(1975) were deemed not ciecitle since the distribu-
tions were normalized to sinwuitnneous measure-
ments of extinction coefficicnt derived by a trans-
missometer. Fog Jdrop messurements mude with a
light-scattering counter by FlJ-id 1o (1961) were not
utilized since we suspect criors in his measure-
ments due to non-isokinetic samnling. The inlet of
his counter was only I cm in Jinmeter and became
wet during the sampline : rocess. In addition, some
unexplained differcnces were ceusad by a dilution
apparatus Eldridge used tor hizh droplet concentra-
tion conditions.

Three different sampline tochniques were em-
ployed to obtain the fog size distributions utilized
in this study: impaction, hologruphic and light scat-
tering.

Garland (1971), Garlan ! er «!. (1973) 2nd Roach
et al. (1976) used a me dified two-stage Casclia
impactor designed by Nay (15¢1) mounted hori-
zontally in & wind tunnci to provide isokinetic
sampling. Corrections to 112 collection efficiency
based on the penetration curves of the impactor
(May, 1945) were applicd 1011 - raw data. This de-
vice is sensitive to droploos v 5 =72 gan radius,

Kumai (1973) also uscd Toooestage impactor
to measure advection fog dro -t amed over the
Arciic Occan at Point o Slaska, together
with a gelatin-couted eli - collection plate
whose collection efficicnoy v woulable as a func-
tion of wiad velovity, Aiso, ! ~draplet correc-
tion factors were appicd i - true sizes. The
combined methods yicided o : concentration
from 2.2--64 pm radius.

In general, the primury o
tion technique, besides 1+qu
duction, is the uncertr aty
tion determination for pea

of the impuc-
wions data re-
er concentri-
ster and sub-

micrometer size droplets. In addition, the size limit
of detectability is about 0.3 um radius using con-
ventional microscopy techniques.

A laser hologram technique was employed by
Kunkel (1971) to measure droplets in advection foz
propagating inlund during nighttime at Otis suir
Force Base, Massachusetts. The hologram camera
was capable of sampling volumes of 4.5 cm? at 4
rate of five sumples per minute, in a near-isokinetic
fashion, and with minima! disturbance to the drop-
lets. Droplets with radius 2-40 pm were detected.
Because of the small number of droplets (normally
<50) in the distributions reported by Kunkel, we
have averauged all 17 of the reported drouplet
distributions together,.which in any case represents
only a 3-min interval, to obtain a single distribution.

Finally, we have used measurements by Pinnick
et al. (1978) of radiation fog and haze made during
wintertime in West Germany with a commerciuliy
available licht-scattering counter (the "*Knollen-
berg™™ Clussicnl Scatiering Aerosol Spectromcter
manufactured by Particle Measurement Systoms,
Boulder, Coluviado). This device works on the
principle that as aerosol flows through an illumin:ated
volume, light scattered by single droplets into a
particular solid angle Is measured and uwsed to
determine particle size by making pulse-height
analyscs of the 1esponse pulses. Determination of
droplet size from the response is indirect because of
the dependence of the response on factors otlier
than droprot sive, viz., droplet refractive index and
the lens geometiy of the optical svstem. Particular
attention was given to the calibration of this instit -
ment usicy monodisperse particles of different s 2
and refractive index. The manufacturer’s adve -
tised calibration was not used. Rather, droplet «ive
distributicns were determined by redefining the size
pulse-heizht channels as dzscribed in detail by Tin-
nick er ¢!, (14¥78). This counter is sensitive to waicr
droplets with radi 0.23-16 um.

Altocetiier, 341 different size distributions were. -

used to chieck the validity of Eq. (D) in the etnos-
pheric window around A = 11 um; 25 fog distribu
tions were taben from Garland (1971 and Ronch
et al. (19, 6 from Garland ef af. (1973), 20 {*om
Kumai (1973). 1 frem Kunkel (1971, and 282 sov
and haze distributions from Pinnick er al. (1978).

3. MNuemerica! results for fog extinction
Using « \Mie scattering program and index of re-
fraction of water as given by Hale and Querry (1973},
we have celeulated the volume extinetion cocfficie nt
o) = 'n'J rrO (A rn(r)dr 3)

and the hiquid water content

W= hap jr"n(r')dr G

b
A
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with r > 14 um; however, th:i. contribution
generally did not dominate eiti & the extinction
o, or the liqmnd water content 3. Consequently,
we eapect that the linear relationship (1) between
the volume extinction cocefficient o, and the liquid
water content W will be reasonaily well satisfied
at A= 11 pon Results of nuaerical calculations
confirming the validitv: o Eq. (1) at A = 11 pum
are shown in Fig. 1d.

On the other hand at A = 0.53 o the approximat-
tion Q, == cx 15 valid onlv for weier droplets with
r =7 0.5 pm (Chylek. 1978 Since most haze and
all fog droplet size distributions are dominated by
droplets with r > 0.5 pm, the . = cx approxima-
tion is not valid in this case wnd, consequently,
no size-distritution-inde; endent relition between
the extinction and liguid waiz: content should exist
at A = 0.55 gm. The numericial resuits based on the
measurcd distributions comn.c o] o the Eq. (1)
approximation in Fig. la ¢ .noe this conclusion.
Further, the approxunaiion crossiy overestimates
extinction for most of the distibutions,

As we change the wavelenath hoa A = 0.55 um
tolongerwavel.ns - e O = o Cpproximation s
satisfied for Luger droplet s Conscequently,
with increasing wavelength tho 107 tion viven by Lq.
(1) 1s becoming a more realistic crproximation for
hazes and for fogs. Thistrend can i o voonfrom Figs.
Ib-1c, showing the aumericael -~ u'ations and the
Eq. (I) approximation oo A = .0 cad 4 um. We
note that with increasior A o relation (1) better
approximates the exact nevaericas cestilis and finall
at A =11 gm (Fieo 1y the s olame extinction
cocfficient becomes 1+ endeat ol the size distribu-
tion a1(r), and the relation ([ aece sy within a factor 2
vrith the numentcal resulis for i dicinbutions.,

Closer inspection of the resul in Fig. 1d shows
noticeably  better yiccinent fetween the Mie
numerical results and the seiaiion (1) for the size
distributions of Finnick er «f. (1978). The reason
very likely has to do vith ¢ aet that the size
distribution measuremceits o7 tick ef al. are only
for droplets wiric 14l ¢ o r = 16 g, whereas
the Garland {197 1), Gardend ez o0 1978 and Roach
e al. (1970) measurcments wre for dreplets with
radit up to r = 72 gy the N v 1973 micasure-
ments are for droplets with o -0t - 64 pmg
and the Kunkel (1970 seeasure o s for droplets
with redit up to r - 40 g, the maximum
radius condition for t.c ), approximation
leading to relation Cio s tor s, Daemat A 1
am, none of the PN o /0 0 cnibations ¢an
strongly violate this contitios nuttivies with
re 00 pem o were meisured. the  betier
agreement of the mumerice! tese 2o the Pinnick
ef al. distiibution, wirh e el fhyat A - 1
jom fand also at X - 4 o e ! i aay bein

-
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part a consequence of their inability to measure
droplets with r > 16 pm.

Another qualification concerning the results in
Fig. 1 beurs on our assumption that all fog and haze
particles consist of homogencous water droplets
and have complex refractive indexes of water.
Haze particles in particular may contain a signifi-
cant volume fruction of contaminants such as sea
sult or ammonium sulfate. The crucial question
here is to what degree is the particle refractive
index affected by such contaminants? We know
in the case of fog that its formation requires
atmospheric relative humidity RH to be near 10077,
We also know that for the haze data appearing in
Fig. 1 the relative humidity was close to 10077
(Pinnick et «l., 1978). Hanel (1976) and Hinel
and Bulliich (1978) have studied the effect of rela-
tive humidity variations on mean complex refrac-
tive indexes of maritime and urban acrosols. Hiinel
(1976) found that for RH = 957 the real and
imaginary parts of the complex refractive index
n. and ng, at A = 0.55 um have values 1.33 = »,,
= 1.36, 0 < ., 2 0.006. Fxamination of Mic elti-
ciency fuctors O, (ni,x) tor refractive indexes In this
range shows our assumption that m = 1.33-(;
in Mie calculations of extinction according to (3)
and the O, = cx approximation (1) is a good one. At
wavelengths >A = 0.55 m we find from Hine!
and Bullrich™. formulas for values of R >9570
that both maritine and wban acrosol mean refrac-
tive indexes are again not markedly difterent from:
those of water. For example, at \ == 11 g we pre-
dict from Hinel and Bullrich’s formulas that the
real and imacinary parts of the complex index ae
1S3 =n. = 1207, 0.0968 <5 iy, ~ 0,109, com-
pared o = LIS3-0.0968% for pure water. The
cftect of these refractive index varietions in Miz
calculutions of extinction cocfiicient according to (3)
and (1) are estimated 1o be not more than 107,
For fog, an additiona] argument can be made to
support our assumption that the particle vefractive
indeacs can be approxmated by those of pure
water. The argiimeat s that the hquid mass con-
tens of tegs is on the order of QL0053 g m P or mealer,
and thus the volume raction of any contamintant
in fog diopleis must necessutily be small so it
the refrective indexes must be close to those of wate

In order to examine more closely the fog resulss
tn Fig. Uin teims of fog tvpe we have chosen o
restrict our afteition to the data of Garlund (1971,
Garland e af. (1973) and Roach e al. (1970). The
reasons are tuofold: first these meastiements were
made duninge togs occunning under distinetly Gitfa
ent meteorologicet conditicns. Altogether, 37 diitor
ent fops were measared donme o fAvesyeat e
under the cienut of meteoretogical conditions fonse
in baogland, Second, measuiements were made ton o
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sufficiently broad range of particle sizes (0.3 um

< r < 72 um) that errors in extinction and liquid
water content due to the presence of larger and
smaller droplets are estimated to be small. Of the
37 measured distributions . three were not used due
to nonavailability of the raw data, three because of
the presence of ice crysals in the samples, and
five were not used because fog type was not
specified.

We have divided the Garland and Roach et al.
fog data, which already appear in Fig. 1, into two
classes: radiation fog and advection fog. We have
been cautioned (Garlard. private communication,
1978) that although the radiation fogs clearly
formed in situ by radumtion cooling, some fogs
classified as advection type may have been mature
radiation fogs transported by the wind from a distant
area of formation. In any case, the data are re-
plotted according to this classification in Fig. 2
(A = 0.55 um) and Fig. 3{x = 11 um). At A = 0.55
pm it is evident radiatien fogs are generally more
effective scatterers, and hence more effective in
reducing visibility, than advection fogs with the
same liquid water conteat. To understand the rea-
son for this result, we hzve picked a radiation fog
(Fig. 2, solid circle) and an advection tog (Fig. 2,
solid square) measurement with about the same
liquid water content, and have plotted their differ-

102
; A=055um o °
Pl 5. ® Q
' o
5 1) .. ‘a
L ) °
W ovi®
t‘T.)IO'- o]
w ° 4§ a
[+
8., e
Z
o
(5]
21
z S RADIATION FOG
*x
w lo:’; 0 ADVECTION FOG
'S
S lo-Z 2 v ,o-l 2 S IOO

LIQUID WATER CONTENT (g m™)

Fi1G. 2. As in Fig. La except “hat only the fog data of Garland
(1971). Garland ¢f al. (1973) ara Rouch ef . (1976 are shown.
The extinction and liquid waer contents calcrdated irom the 26
measured size distributions arz Svided according, o radiation
(circles) or advection (squarest vy We see from the figure that
riation fogs are geperalty Laore effective scatterers than
advection fogs with the same Laad water content because they
contiin more Jdroplets in the Ve resonance reeon that con-
tribute a significant part of (he eatinction but contribute
only a micginal amount to the iyund water Content
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FiG. 3. As in Fig. 2 except for A = 11 am. The prdicted
relution between extinction and liquid water content given by
Eq. (1) is shown by the straight line. Because the 0, = e up-
proximation is generally better satisfied for radiation fogs.
those points fall closer to the straight line prediction.

ential extinction coefficicnts at A = 0.55 gm vs
particle radius in Fig. 4. Because the plots are me le
on a linear scales, the arcas under the curves are o
measure of tiie corresponding extinction coefiicients.
Thus the rediation fog extinction coefficient (15
km™Y) is more than twice the advection fog extinc-
tion coefficient (15.8 km '), For the radiation fog.
small droplets, say.r = 3 um, are very numerous and
contribute 60% of the extinction without making a
significant contribution to liquid wuter content. Ou
the other hand, for advection fog, a broader size
distribution is found and these smaller particles
contribute cnly 67 of the extinction at A = 0.57
pm. Both the radiation and the advection fog size
distributions strongly violate the maximum radius
condition allowed in the Q. = ¢x approximition
(rm == 0.5 winat A = 0.55 um), so there is no reason
to expect a unique relation between extinction at
A = 0.55 pm and liquid water content.

At A = 1l um (Fig. 3), although the @, = cx
approximation is within a factor of about 2 for both
radiation and advection fog results, the approxima-
tion is gencrally in better agreement with the addia-
tion fog results. The explanation is that the 0, ~»
approximation is only strictly valid providing fog
droplets haver =2 14 am (Chylek, 1978) and radiation
fogs better satisfy this condition than do advection
fogs. The acgree to which this maximum radios
condition is violated can be actermined for two fop
examples from Fig. S. Shown is the differentied
eatinction coefncient at A= 1 am for a taditioe,
fog (Fig. 3, ohid circleyand an advection fog (s ¥
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FiG. 4. Diffcrential extinction coefficients at A = 0.55 um versus droplet 4
radius for a radiation fog (solid circle in Fig. 2) and an advection fog (solid b
.sauare in oo ?) with about the same liquid water content. The arcis under the k
: ¢+ tweasure of the total extinction coefticients (35 km™! for the
ersus 15.8 km~! for the advection fog). For the radiation fog, b

solid square) again ! «wine about the same liquid
water content. }or the o liction fog 699 of the
extinction arises from Jdvegicts with radii less than
the maximum value r,, 14 pm, while for the
advection fog this valuc drops to 3390, A survey of
all the differential extine on cocfficient versus
particle radius praphs sinl Lothose shownin Fig. 5
for the radiation foe~s ¢ Conl ad (197D, Garland
er al. (1973) and Roach o7 of olJi6rin Fig, 3 show
thatin all cases extinction " A = 1 pmis dominated
by droplets with » 7 14 ;o O the other hand, a
survey of the differentisi cuiiaction coefficient
graphs for the adveciion o - iosented in Fig. 3,
and also the advection © amai (1973), show
that for about onc-huit "~ ributions, extine-
tion at A = H yem s . " by droplets with
r > 14 pm. Since he o cfficiency factor
for these larger part cestimated by the
Q. - cxapproximaticos. . . vor Chylek, 1978),
the numerical calculativg o Jinction for these
advection fops tall beloy o v oprediction in
Fig. 3. For the remainine b b Avection fogs,
dropletswithr = e o caction and the
points fall within 200¢ < @ 1} prediction,

tion is centributed by droplets having r < 3 pm, compured

Thus, while droplets with r < 14 um dominate
extinction at A = 11 zem for radiation fog, this ix
not always the cace for advestion foz. where the
presence of larger droplets partially destrovs the
size distribution independent linear relation (1).

4. 0, = c'x approximation for absorption

Realizing that the O, = cx approximation worke
reasonably well for fog at A = 11 um, and for hare
at shorter wavelengths, we checked to see if a simi-
lar approximation for fop droplet absorption mixiit
hold in the A = 3-5 jum and A = 8~12 um atmos-
pheric window spectral regions.

The abscrption coefticient o, for a polyvdispersion
of droplets described by the size distribution ri(r)
is given by :

g, = J nr'QL0m n(r)dr, 5

where Qo) is the Mic efficiency factor i
absorption fuea water droplet with refractive indes
n(A) and size parameter v 2ar/AL Plots of the
efficiency fuctor for absorption Q, vsx for A - 3.8,
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FiG. §. Differential extinction coefficients at A = 11 um versus droplet radius for a
radiation fog (solid circle in Fig. 3) and an advection fog (solid square in Fig. 3) b
with about the same liquid water content. The total extinction for the radiation fog is
22.6 km~! ccmpared {0 15.0 km™! for the advection fog. The fraction of extinction
contribut= Ly droplets with r < 14 um (the maximum value z2llowed in the Q, = cx
approximation) is 695¢ for the radiation fog, decreasing to 335 for the advection fog.
Thus the prediction between c¢xtinction (at A = 1 um) and liquid water centent '
fgiven by t 3. (1) and shown in Fig. 3] is a better acproximation for radiation
fogs than fir advection fogs.

9.5 um are shown in Figs. 6 and 7. Again we find,
as Chylek (1978) found fer extinction, that Q, can
be well approximated by ,(x,A) = ¢’(A)x, provid-
ingx < x,.

Using this linear approximation for 0, in (5) gives

ot
o

3nc’ J §rrp?

4 Q,=C'X
03 CNG

ABSORPTION EFFICIENCY FACTOR Q

T, = —- n(r)dr. 6 8
a 2Ap 3 (r) ( ) '0 ' Qo(MlE)

1

Thus, explicit dependence on the size distribution 0.2: '
disappears and lcads to the absorption cocfficient ] '
being lincarly related to liquid water content W 0.1+ !
according to i/ '
[}

3¢’ 0.0 t4—1+—r——r—1—r—rr 17—
00 = So- W- ) 0 5 10 15 *m25 30 35 40 45

SIZE PARAMETER X
As in the case of catinction the restriction that . . e .

< «d not be strictly satisfied. but water Fie. 6. jhc ciirciency factor for absorption @, ot water versus
X = Xp DCed not be ostnictly satished, bu ACT - groplet size paramcter Uat a wanelength A = 3.8 gem (indey
droplets with radii greaier than the vilue r,,  of refraction 1 - 1,464 00034 The cfficiency factor can b
= AX,,/27 must not contribate excessiveiy to either  approvimated ™y a stuaght Tme (0, ¢t providing & = ..
absorption or ligniit water content, Numerical  The approumatior osverestimates the exact value of (0, 14

. .. . some  Mze partmeters, bt fere ate { y
values of the maximum ro i 7, 4t various wave- ome M7¢ parimetens. but underestimates it for - others.
lenpths A as well as the s"ope ¢f of a straight line
approaimating 0, for a = a,,, are given in Table 1,

These two errors tend 1o cancel leading to the absorpion
coefhcient beng hocarly related o liguid water content ac
cotding to equa o (7).




1584

L
[¢]
e 2
g ] A=95um
Il<. d
6 -4
& Q=C'Xy\ _-
o 1 /‘lr//r
|1
u ! Q,MIE)
3 | % ;
-— 1 ]
s | a
Lo g B < S —
20 Xn 10 15
L=

SIZE PARAMETER X

FiG. 7. As in Fig. 6 except for A = 9.5 um (index of refraction
of water m = 1.243-0.0443i). The efficiency factor for absorp-
tion can again be approximated by a straight line Q, = ¢'x
providing x < 1,,.

Also given are values of the quantity 37¢’/2xp which
if multiplied by the liguid wuter content give the
absorption coeflicient. In order that these predicted
relationships (und maximum redius conditions) be-
tween droplet absorption and liquid water content
may be compuared to the corresponding results
for extinction, the values ¢f x., r,. ctc., for the
Q. = cx approximation (¢ 'vvlek, 1978) for extine-
tion also appear ir Table 1. The values of x,, 7.
and ¢ for extinction ure comciimes slightly differ-
ent from those of Cliylek 1y 00) since there is some
leeway in the subicciive pincedure foo approximat-
ing the cfficiency factor O.01) by a lincar function
of size purameter v. We oo from the table that the
limiting radius r,, depesads strongly on wavelength
and is in general marke- iy diffeient for absorption
and extinction at & porticular wavelength, An ex-
ception is at A = 9.5 pin, where the limiting radii
are r,, = 13 pum for ab<orption as compared 1o r,,
= 12.5 wm for extin~tion. Thus for fog droplet
distributions that have rediivr <2 12,5 g (ie., most
radiation fogs) we can redict from Table 1 that ab-
sorption contributes 297 of the ¢ dnctionat A = 9.5
mm, independent of he form of the droplet size
distribution. Howcver. there is obviously no unique
relation between fug avsorption and extinction tor
all wavelengths.

Since we have verified the (), — cx approximation
for extinction at A = Vi pm, which requires that
droplets huve mavimum rwivis v, = 14 am, is ade-
quate for atmospleric tor, we suspect the (O,
= ¢'x approximation for ot ton s adeguate for
fog at sclected wavelengihs o o hovine r,, 2 14 um.
From Table I we see tiar wovdenaths A = 3.8, 4,
5.3 and 9.5 pm cither sati~fu o neaylv satisfv this
criterion. Therefore. vwo mic - oapect o linear elia-
tion between fog absoroiion cad fop bguid water
content according to (7, 107 went of the dioplet
stze distribution, for these | ufar wavefenpths.
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Yo check this contention we have calculaicd the
volume absorption coefficient o,(A) using a Mie
scattering program according to Eq. (5) for the
previously mentioned 341 fog and haze size Ji-tribu-
tions at several different wavelengths. Asin th: cx-
tinction calculations we have assumed paiticic re-
fractive indexes of water, and have thus aeplected
refractive index differences that might be caused
by the presence of contaminants such as sea salt
and ammonium sulfute. The results at A ~ 3.8,
9.5 pem plotted as a function of fog liquid water con-
tent together with the Q, = ¢'x approximation (7)
arc shown in Figs. 8 and 9. We sce that although
the numerical results are slightly better approxi-
mated at A = 3.8 pm as compured to A = 9.5 um,
at both wavelengths the linear relation (7) is within
a factor 2.5 of the numerical results for all 341 fog
and haze size distributions. Examinuation of resutts
at numerous other infrared wavelengths show that
even though the muaximum radius condition is somwe-
times violated, for A = 3.5-5.3 jm, 8-10 ym 2l
numerical results for the 341 fog distributions are
within a factor 2.5 of the predictions beiween
absorption and liquid water content given by rela-
tion (7) and listed in Table I, and in most cuses
the agrcement is within a factor 2. However. at
wavclengths A = 10.5-12 pm, the numerical resulis
differ by as much as a factor 4 {rom the linew rela-
tion (7).

Previously, Platt (197¢) found an approximute
linear relation between the absorption coefficient

Tanrr LAt a given wavelength A the efficiency facto {4
absorption @, fand extinction ) can be arproximated by oo
straipirt i (2, - ca0), - cx) for size paremeters x ot aL . The
values of 1. wnd ¢ Gand o) are determined from the ¢ oo
curves {s.eLe.gn Figa. 6 and 7). 1 we konow the suoamuny taedos
rnoof droplets in o given size distribution, the tuble gives the
wavelength N Gt which w bocar relationship between absorpiion
(or extinconi and hiquid water content exists, and the urproos.
ate value of the paramerer ¢ tor ¢). The valiue of the quai
3nc'Iap or 3mc2ap) muoltiplied by the boed water coatont b
gives U

s absorption coctircient o, tor extinction coeth
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geat A = 11 pam and liquid water content W of non-
precipitating stratocumulus clouds. Platt performed
Mie calculations on 25 measured cloud droplet
distributions, plotted the values of o, at A = 11 um
vs W, did a least-squares fit through the resulting
data points and obtuined o, = 76.5 W, comparing
modestly well with our Ey. (7) prediction from Table
1 of oy = 93 W, where the absorption is in km™
and the liquid water content in g m~>. The reason
for our overprediction of the absorption is that a
significant number of droplets in Platt’s distributions
have radii >7.2 um, the maximum value allowable
in the Q, = ¢’'x approximation at A = 1} um. Had
Platt chosen a slightly shorter wavelength, say,
A = 9.5 um, he would have found an even better
correlation of absorption and liquid water content,
as well as better agreement with our linear predic-
tion (7), since the maximum radius restriction is
more nearly satisfied for clouds at the shorter
wavelength.

5. Application of extinction —absorption-liquid water
content relationships ’

The unique, linear, size-distribution-independent
relationship between extinction at A = 11 um and
liquid water content, and between absorption at
A= 3.8, 9.5 um and liquid water content in fog
has several practical wpplications. For example,
for a fog with liquid water content W = 0.1 g m™3

10'

AN

A=38um

o
°

lo‘l [ 18 W ’np

FFOTPNY

o PINNICK et of. {1978)

+ GARLAND 11971), GARLAND
¢! ol. (197 3),RCACH et al.
(1976)

o KUMAT(1973)

® KUNKEL (1971)

ABSORPTION COEFFICIENT ( Kea')
Q

lo‘,-—v—v—rvﬂwr—ﬁ—v TOITT T CEY Ty YT rYYTYMm
10°* 10 07 10" 10°
LIQUID WATER CONTENT {g m?)

Fi;. R Varation of alsviotion coefficient with  liquid
water content in atmospheric fo | end haze for 31 size distubu-
tion measurements made at di¥cient geographic focales and
under a variety of meteorolugeal conditions. in the infrared
region around A = 3.8 um there ests a linea, size-distribu-
tosi-independent relatior =oteeca the volum. absorption
coefficient o, and the hgui! water content W oo the form of
Egq. (7). Conscyuently, the rosu'ts of all meismements are
cluse to a straight hae. The predicted relation between ub-
sorption o, and liguid waier contert W oacconding to g (7 18
shown by the straught Dine.
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F1G. 9. As in Fig. 8 except for A = 9.5 um.

we predict extinction and absorption coefficients of
oA = 11 um) = 13 km™', ¢,(3.8 um) = 1.8 km~!,
o,(5.3 um) = 3.1 km~! and ¢,(9.5 um) = 5.7 km~*.
Integrated liquid water content along a path in
fog and haze could be inferred from a CO. laser
(A = 10.6 um) transmissometer measurement ac-
cording to (1). Of course the path must be short
enough that multiple-scattering effects and forward-
scattering corrections (Deepak and Box, 1978
are negligible. Carlon ez al. (1977) previously realized
this applicaiion for a transmission measurement at
A = 12.5 um. An application of the o,-W rela-
tionship is that liquid water content of fog at a
particular point could be determined by measurc-
ment of fog droplet absorption in the spectral
region A= 3.8, 9.5 um according to Eq. (7). The
spectrophone technique has been demonstrated te
be suitable for in sice measurement of particulate
absorption by Bruce and Pinnick (1977), so that
measurement of fog droplet absorption with either a

CO, laser spectrophone tuned to a wavelength -

A =95 pum. or a DF laser spectrophone (A = 3.8
pm) cotd be used to infer fog liquid water content.
Of course ithe spectrophone measurement of ab-
sorption could also be used to infer fog extinction
at A= 11 pm. The Eq. (D relation between fog
absorption and liquid water content might also be
used in caleulation of fog emissivities.

6. Conclusions

Chylek’s (1978 prediction of a linear relatinn,
independeet of the form ot the size distribution,
between exiinction at A = 11 e and liquid water
content ¢f tog has been venificd within o facton
for 341 diticrent fog and haze droplet distribution

)
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mcasured under a variety of meteorological condi-
tions. The prediction eenerally works better for
radiation fogs than advection fogs. A similar linear
relation between fog droptet absorption at A = 3.8,
9.5 pm and liquid water cantent has been derived
and validated wsing th: same 341 distributions.
However, there exists no size-distribution-inde-
pendent relation beiwesn 2xtinction in the visible
(A = 0.55 pm) and fog Neuid water content. Three
practical applications of these findings are sug-
gested: 1) inference of fog-integrated liquid water
content along a pa™h by measurement of laser
transmission (at A = {1 pm) along that path; 2)
inference of fog liguid water content at a particular
point from measurerizat of fog droplet absorption
with a DF or CO, taser spectrophone; and 3)
calculation of fog emissivities in the infrared from
knowledge of fog liquid water content.

Acknowledgment. We gratefully acknowledge
John A. Garland, Environmental and Medical
Sciences Division, Harweil, who supplied his raw
data of fog size distrpuneas. One of us (P.C.) was
partially supported by a2 erant from the U.S. Army
Research Office. Tin request the authors will
send to interested researchers a more detailed re-
porst of this work. :

REFERENCES

Arnulf, A., J. Bricard. E. Cuwr# and C. Véret, 1957: Transmis-
sion by hasz :nd g =t the spectral rzgion 0.35 to 10
microns, J. Opi Vov. Amer., 37, 49§ -4~

Bruce, C. W., and X . Biznick, 1977: In situ measure-
ments of acrosal sb-Cpuon with a resonant CW laser
spectrophose. Apol Qrr A, 176221765,

Carlon, H. R, . Anderwn. M. Mithain, T. Tarnove and R.
Frichel, 1977 Infrarel oaminction spectra of some common
liquid aerosols. Apnl [op e, 160%_ 1ans

Chylek, Petr, 1938, Eansciin ond liquid water content of
fops. J. At Sci, 33, %2300,

VoLume 36

Deepak, Adarsh, and M. A. Box, 1972 Forward s::ting
corractions for opticed vl ction mewsdicinents n aerusol
media. 2: Polydispersions. Appl. Opt., 17, 3169-3176.

Eldridge, R. G., 1961: A few fog drop-size distributions.
J. Appl. Meteor., 18, 671-676. )

——, 1966: Huze and fog aeroso} distributions. J. Atmos. Sci.,
23, 605-613.

—, 1971: The relationship between visibiity and liguid sater
content in fog. J. Armos. Sci., 28, 1183-1186.

Garland, J. A., 1971 Some fog droplet size distributions
obtzined by an impaction.method. Quart. J. Roy. Metcor.
Soc., 97, 483-494.

——. 1. R. Branson and L. C. Cox, 1973; A stndy of the
contiibution of poliution to visibility in a radiation fug.
Atmnos. Environ., 7, 1079-1092.

Hale, G. M., and M. R. Querry, 1973: Optical constants of
water in the 200 nm to 20 um wavelength region. Appl.
Opt., 12, 555-563.

Hinel, G., 1976: The properties of atmospheric aerosol particles
as functions of relative humidity at thermodynamic equi-
tibium with the surrounding moist air. Advances in

Geophysics, Vol. 19, Academic Press, 73-188.

. and K. Bullrich, 1978: Physico~—chemical property

models of tropospheric aerosol particles. Beitr. Phys.
Anmos., 81, 129138,

Kumai, Motoi, 1973: Arctic fop droplet size distribution and
its effect on light attenuntion. J. Atmos. Sci., 30, 635633,

Kunkel, B. A, 197 Fog drop-size distributions measuield
with a liser hologram camera. J. Appl. Meteor., 10,
482-486.

May, K. R., 1945: The cascade impactor: An instrument
for sampling acrosols. J. Sci. Invtrum., 22, 187195,

—, 1961: Fop droplet sampliag using a modificd impuctor
technique. Quart. J. Roy. Mcteor. Soc., 87, 535- 548,

Pinnick, R. G., D. I.. Hoihjelle, G. Fernandez, E. B. Stenmuarh,
J. D. Lindbterg, S. G. Jennings and G. B. Hoidu'c, 19.8:
Vertical structure in atmosrheric fog and haze and 3+ . (th:cts
on IR and visible extinctron. f. Atmas. Sei., 35, 2020-°032,

Pilié, R.J., E. 1. Mack, K. C. Kocmond, W. J. Eadie und ©°. W,
Rogers, 1973 The lifc cydle of valley fog. Part il oy
miciop hysies. J. Appl. Meteor,, 14, 364-374.

Platt, C. M. R., 1976: Infrarcd absorption and hquid wa.er
content in strutocumulus clouds. Quart. J. Roy, Meit.or.
Soc., 102, 553-561.

Roach, W. 1., R. Brown, S. J. Caughey, J. A. Garland and " }.
Readings, 1976: The physics of radiation fog: I-—a field
study. Quart. J. Roy. Meteor, Soc., 102, 313-333.

7

SR ¥V X N

e

3 W

preRpE————E T e

- rre i 4 AT R g
Ay~




APFPENDIX 3

PERTURBATION APPROACH TO LIGHT SCATTERING BY

NON-SPHERICAL PARTICLES

J. T. Kiehl
State Univ. of N.Y. at Albany, Department of Atmospheric
Science, Albany, NY 12222, and National Center
for Atmospheric Research, Boulder, CO 80307

M. W. Ko
Atmospheric and Environmental Research, Cambridge, MA 12138

A. Mugnai
CNR-LPS, Elettrofisica Atmosferica, Frascati, Italy

Petr Chylek
St~te Univ. of N.Y. at Albany, Atmospheric Sciences
Research Center, Albany, NY 12222, and National
Certer for Atmcspheric Research, Boulder, CO 80307

ABSTRACT

Applying perturbation theory we have derived the first order
perturbation corrections to the scattering characteristics for the
case of light scattering by slightly deformed spheres. Numerical
results are compared with those obtaired using the extended boundary
condition method. The range of applicatbility of the first order
perturbation corrcctions are discussed.

The epplication of perturbation theory to light scattering by
non-spherical particles has experienced very little development since
it was first dcrived by Yeh (1964, 1965) and Erma (1968). It is the
purposc of this report to investigate the application of first order
perturbation theory to light scattering by various non-spherical
particles. The results of perturbation theory are then compared with
calculations for the same particles using the extendoed boundary con-
dition method (EBECM) developed by Waternan (1971), and Barber and
Yeh (1975).




A general formalism for calculating the nth order perturbation
term has been developed by Yeh (1964, 1965) and Erma (1968). The
particle is assumed to be of the form:

r=x (1 + ¢ £00,0)) (1)

where rg is the radius of an unperturbed sphere, f(8,¢) describes the
shape of the irregularity on the sphere. It is further assumed that
€ << 1 and that [af(e,¢) < 1. The calculations reported herein

used the follewing functional forms for £(0,¢):

T, (cos6) ' (2)

£(6,4)
£(6,4)

Ty (cos8) _ (3)

where Tp(cosf) is the nth order Chebyshev polynomial.

The: shapes of these particles are illustrated in Figure 1. The
particle is assumed to be oriented such that it is rotationally
symmetric about the z-axis. The incident light is assumed to be
traveling in the z--direction with E vector in the x-direction. First
order perturbation theory assumes that the scattering coefficients
for the non-spherical particle can be exrressed as

o

- . 1
a a +ea, (&)

o
"

b

Do B

1
+ebl . . (5)

o ,0 . . o
where ag, b, are the Mic scattering coelficients for a sphere of
radius r_; ap, b are the first order corrections duc to the non-

sphericity f the particle.

Calculaticns were performed for the case wherc the index of re-
fraction r = 1.5 and ¢ = 0,1, Results for other indexes of re-
fraction and valucs of € have been reported in Chylek et al. (1978).
The efficiencies are calculated by normalizing the extinction cross
sections by -irJ.

Figure 2 shows the extinction efficiency for both perturbation
theory and ELBCM for the case of 1(€,4) = To(6) and ¢ = +0.1. The
extinction officiceucy for a sphere of ralius rg is also shown in
Figure 2. 1+ is evident from Figure 2 that perturbation theory

agrees quite well with FBCM for xg < 6. For values of xg > 6 there




FIG. 1.

bB) r = rs(l + e Tu(cose)).

FIG. 2. Tne extinction effi-
ciency for light scattering by
a particle whose shape is given
by r = rs(l + 0.1 Tp(cosB)}.
The solid line (—) is for a
sphere with r = rg. The dashed
line (--—-) represents the exact
results of the EBCM. The dotted
line (+°°) represents the re-
sults of first order perturba-
tion theory.

The two shapes considered are: a) r =

rs(l + e Tz(cose)),

is very poor agreement between
perturbation theory and EBCM due
to the narrowness of the resonance
in the extinction efficiency. The
effect of the width of a resonance
on perturbation theory has been
discussed by Chylek et al. (1978).
There it was shown that in the
resonance region one would expect
perturvation theory to apply when

le] < r/2 X (6)

where T is the half width of a
Lorentzian shaped resonance.
Equation (6) implies that for

large wvalues of Xqs where T is
expected to be small, one would
need a very small € for perturba-
tion theory to agree with the exact
calculations.

Figure 3 shows the extinction
efficiency for the same shape
function but with ¢ = ~0.1, The
observations made above for Figure
2 apply to this case.

B e




(a) T,{cos®)

(b)

T4 (cos 8)

£(8, $)=T>(6)
m=15 €=+0.
----- Perturbation Theory
--—— EBCM
—— Sphere

3 4 5 6 7




The difference between perturbation theory and EBCM can best be
illustrated by considering the relative difference between the re-
sults obtained using these two methods. This difference is defined
as

Pert _ EBCM
Qext B Qext
)]
QEBeH :
ext

§ =

which is a function of Xg. Figure 4 shows the absolute value of
equation (7) for the case of ¢ = +0.1 and £(08,¢) = T,(8). Since
terms of order e? have been neglected in these calculations an error
of 1072 yould be expected. It can be seen from Figure 4 that the
difference lies between 1073 and 107!. A striking feature of this

FIG. 3. The extinction effi-

ciency for light scattering by

a particle vhose shape is given

by r = rg(1 -~ 0.1 Ty (cos8) ).

The solid line (——) is for a

sphere of iadius r = rg. The

dashed line (---) represents

the exact results of the EBCM. .
The dotted line (+++) repre- FIG. &. The absolute value of

sents the vesults of first the rclative difference between
order pertuvbation theory. perturbation theory and the EBCM

for the particle: r = rs(l +
0.1 T,{cos0)) as a function of
xg = 2wrs/}.
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figure is the oscillatory behavior of ]e]. These oscillations are
duc to the resonance effect discussed above for Figures 2 and 3.
There exists o one-to-one correspondence between the position of the
maxima in relative difference in Figure 4 and the position of the
resopance of the extinction curve. An overall growth in absolute
relative difference can be observed for increasing values of xg due
to the narrowiag of the resonances. -

Similar calculations for f(0,¢) = T,(¢) and ¢ = +0.1 are shown
in Figure 5. VYor this case little difference can be seen to exist
for x, < 7. It is also observed that the T, (0) particle has a
smaller extinction than the sphere for this size range. Figure 6
illustrates the extinction efficiency for a shape function £(0,¢) =
- T, (0) and € = ~G.1.

Figure 7 shows the absolute value of th2 relative difference for
the T, (%) particle with € = +0.1 as a function of x_.. The relative
difference from this figure lies between 2.5 x 10™% to 2.2 x 1071,
The oscillatory behavior of this difference correlates with the res-
onances in Figure 5.

FIG. 5. The extinction cffi- ¥I1G. 6. The extinction efficiency
, ciency for light scoattering by for light scattering by a particle

a particle vhose shape is given  whose shape is given by r = rg

by r = rs(l + 0.1 TL(cosO)). (1 - 0.1 Ty(cos0) . The solid

The selid line (—) is for a line (--—) is for a sphere of radius

sphere of radius v = v . The T Yg. The dashed line (---)

dashed line {(---) ropresents repreosents the exact resvlts of

the cxact resuits of the EBCM. the ESCM.  The dotted line (o)

The detted Ttae (c++) represents veprescu. s the results of first

the results of first order per-  orders perturbation heory

turbation theory.
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In conclusion, this study
indicates that first order per-
turbation theory as applied to
light scattering by non-spherical
particles is limited to small de-
formations and low values of the
size parameter. The limitation
arises because of the breakdown
of first order perturbation theory
in the region of resonances of
the scattering coefficients.
However, these problems can be
eliminated by taking higher order
terms in the perturbation ex-
pansion. The computational feasi-
bility of such calculations is
possible since these calculations
require little storage and com-
puter time.

FIG. 7. The absolute value of
the relative difference between
perturbaticn theory and the EBCM
for the particle: r = rs(l + 0.1
Ty (cosB)} as a function of Xg =
2nrg/h.
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ABSTRACT
Resonances in partial wave scattewing amplitudes a, and b, are

responsible for the ripple structure ot the extinction curve and for

sharp peaks in the backscattering (glory). A connection between the
resonances and surface waves is suggestied.

1. KESONANCES IN PARTIAL WAVE AMPLITUDES a,, AND b,

It is convenient to write the Mie partial wave amplitudes ag
and b, in the form

Aﬂ Bn
&, = ac.  Gas by=gome o (b
n n n n

where #,, C,, P, and D, are rcal functious for real refractive index
m. Their explicit form has been given elsewhere (Chylek, 1973).
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For simplicity of discussion we consider a real index of refraction
m. Then it follows that the Re{a,} and Re{b,} reach a series of
absolute maxima Re{ap} = 1 and/or Re{b,} = 1 at such values of

x (x = 2nr/\ is a size parameter) where Im{a,} = 0 and/or Im{b,} = 0.
At sufficiently high values of n, the first miximum in each partial
wave amplitude ap and b, has the form of a sharp peak. In Figures
1A and 1B the first peaks in Re{ajg} and Refa,y} are shown, and
Figures 2A and 2B show the first sharp peak in Re{bs;} as well as
Im{b3;}. These sharp peaks we call resonances. We notice that with
increasing n the first peak in each partial wave becomes narrower;
also with an increasing value of refractive index m the peaks become
narrowver. At higher values of n not only the first peak but alsoc a
few of the following peaks may be sharp enough to be called reson-
ances. :

2. WHAT ARE SURFACE WAVES?

There seems to be no gen=rally acccpted definiticn of what is a
surface wave in the case of scattering of elecctromagnetic waves on
small particles. Ve are going to define what we mean by a surface
wave., We have no intention in claiming that our definition should be
generally accepted. Ve simply feel that since we deal with surface
waves, we have to define clearly what is meant by it in this paper.

We make a reference to the two well-known phenomena generally
attributed to surface waves, namely the ripple structure of the ex-
tinction cross scetion (Fig. 3A) and to the glory phenomena of back-
scattering (¥ig. 3B). From a large numucr of published papers and
from availalle monographs on light scattering we can learn that the
ripple structure in the extinction cross section is presumably caused
by the interference phenomena between a forward diffracted wave and
the surface wave. Similarly the peaks appearing in the backscattering
cross section (glory) are supposed to be a result of interfercnce
between the backward reflected wave and the surface wave. Without
trying to discuss the validity of the above statements, we will show
that both the ripple structure of extinction cross scction and the
glory in the backscattering are caused b the previously described
resonances in the partial wave amplitudes ap and bn.

Let us go back to Figures 2A, 3A and 3B. Ve notice that the
resonance in bz (Fig. 2A) occurs scomewhere between 26.9 < x < 27.0.
We also not ce that in the same region vf x there appears a shavp
peak in the ripple structure (Fig. 3A) and a glory (sharp peak) in
the backscattering cross section (Fig., 3B). This lcads to a con-
jecturc, sugrested some time ago by orce of the authors, that there
is one-to-nne correspondence between the partial wave resonances and
the ripple structure in the extinction and the glory in the back-
scattering.

Y




FIG. 1A. The first resonance in the partial wave a)g occurs at
x = 9.203 for refractive index m = 1.50.

FIG. 1B. “ith increasing n the resonances become narrower. The
first rescnance in a;g occurs at x = 16.05,
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-onances of the same value of n. Also, with higher refractive index
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FIG. 2A, In general the a_ resonances are sharper than the b_ res~

n
m, resonances are narrower. The first resonance in bj; for refrac-
tive index m = 1.33 has a width comparable to the width of ajj
(with m = 1.50),

FIG. 2B. The imaginary part of biy goes through a zero in the di-
recticn fron positive Lo negative values at the x value at which the 3
real part of b3j rcaches its maximum value Re{bz;} = 1.
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FIG. 3A, The normalized extinction cross section Qgxr (efficiency
for extinction) shows a ripple structure. Each peak in a ripple
corresponds to a definite resonance in the partial waves a, or b,
(surface waves). The peak between 26.9 < x < 27.0 corresponds to
the b3; resonance.

FIG. 3B, The backscaitering is completely dominated by the surface
waves (pariial wave resonances in a, and b,). Again the peak in the
backscattering between 26.9 < x < 27.0 is caused by he first rescn-
ance in the bjy) partial wave.
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T e o e o, eocorrect, when we temove the resonance from
il M o 7 : oo Do by - 0 the vesonanee repdon 206~ x

28.0) we expect the peak dn extfnction and the glory in the back
scatfering ot 26,9 - s 2200 te dinappean s The renults are shown

fn Fipures 4% and AB0 0 Compan fuy Fiepnre S0 with A3 and Pipate Wowith
4R shows clearly that the peak fu the aipple sthiacture of the o
tinctinn wave beteeen 20,9 < x o~ 270 and the plory fu the back
seattes fuge in the some x vepfon i caused by nethiine elue than the
yesonance in the pattial wave amplitmde b (Fig. JA).

e —— e m—

Since s am we have went foned cartier o both the vipple and the
gluory are capposed to e caused by s bace waves, and sinee we have
shown thaf (hey e co ool by nothing elae thaa the tenomamces in (e
partial waves ap and by owe will say that the tesomaneess o the poa
Pl waves g and oo eprenent a paathemat feal desctiption ob sur tae
waven.,

At hipgher values of o x, it s posecdble that more than one parttial
wave tesomaten gt the snee value of ae o Plhien ve oy oy that the
cuthace wave Fooa Lind of collective phemornnn apre iy fres everald
partial waven tenonating gt the soene Sioe pataeacter a,an we have
suppested carbicr (Chvlel, 19 AT I

At the senine fiwe, we have to rtealice that theve isoa tather cab
Jeetive judpnent to Jecide when the widel ot o peab st tew cneuph

tor a peak to be called a tenonance,
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3. RFSONALUL AND BACKCROUND CONTRIBUVTON 7o THE INTERCEION CURVE ‘
The value ol the et it fon at the pealo ot the tipple strtuctute t’

can be decomposaed fato two par s the resmnmee conta ibut ion and the '
backyr ound contoibur fon: b
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FIG. 4A. To demonstrate that the ripple structure of the extinction

curve is caused by the partial wave resonances din ag and b, we have I

calculated agiin Qpyy, however, now we have set byz; = 0 in the reson-
ance region o< x < 27.4. Comparing Figs. 3A and 4A we notice tiut (
the peak in Gryr between 26.9 < x < 27,0 disappears, which shows

clearly that the peck is formed by the b3; resonance,

FIG. 4B. VWhen the bi; resonance i roweoved from the backseattering
calculaticr the peik in the backscattesring (plory) between 26,9 < x o«
27.0 disaprs iry, which shows that the peal is formed My the by reaca
ance.
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Let us ccnsider the resonance contributions of ajg(x) and ajg(x).
The peak of the extinction curve at x = 9.203 (Fig. 5A) corresponds
to the a)g resonance and the peak at x = 16.65 (Fig. 6A) corresponds
te the asg recsonance. Using Equation (4) we can calculate the back-
ground contributions (sce Fig. 5B and 6B) and we obtain Qryr ,B
(9.203) = 1.9u7, Cpxr P(16 65) == 2.502. Subtracting the valucs from
the extinctions, Qpyr (9.203) = 2.475 and Quyy(16.65) = 2,798, we
obtain for ti. resonance contributions Quyt rrs(9.203) = 0. 493 and
Qexr, REg(16.65) = 0.296 or, in the form of a rvatio of the a,g and
ao reqonanco contributions, we obtain

(16.65)
(9.203)

Qxr,RES
Qxr,rES

= 0.600 .

If we calcul: {- the ratio of the same resonance contributions using
an approximate form of equation (3) we obtain

Q‘\‘l_:_'_ﬂ (16 6.)) . [1 (9 203) - o. 596
( 1 LRE (9 .203) 21 (16.65)7 ’
in excellent oonent with the previously obtained value of 0.600.
We cove ti.ot the resonance or surface wave contribution to
the extin .} described by equation (3) is in agreement with

numeric.l .

4., SUBRVACE WAVES IN EXPERTMFNTAL MEASUREMENTS

Recenil, o technique of optical levitation was used to support
a liquid druplet in a laser beam (Ashkin, 1970; Ashkin and Dziedzic,
3976, 197/). Onc of the authors (A. rellin) used this technique in

connectios i a tunable laser to mcasure the backscattering. An
example o1t eosurceent of the backscattered intensity is shown
in Iigure 700 dhrece strong peaks observed in the wavelength dinterval
correspent 0 e glory effect. Since the droplel radius is known
only appro: ' it is not possible to label the horizontal axis
in size po * units at this time.

The fi.. point we want to demonstrate is that there is only
one way to i ifw the experimental measurcment with theoretical
caleulat: o vhen the droplet radiva is essentially unlimown,
The reou? ctothe Lackseattering caleulations with the size para-
meter inc:- ont of Aao= 0,000 are shown o Fivure 7h, We notice how
the sharp v - e (glory) is superimpe.ed on o broader backpround
(really o Lo e background coring fror the terms with u < X plus




FIG. 5A. The normalized extinction cross section Qpxt is composed
from the resorance contributions superimposed on the background term.

FIG. 5B. When the first ajg resonance is removed around x = 9,2
only the background term remains.
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FIG. 6A. The peak in Qgyy around x = 16.6 is caused by the apg
resonance.

FIG. 6B. When the apg resonance is removed from the calculations
(we set ar; = 0) the peak around x = 16.6 disappears and only the
background term is left. N
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FIGS. 7A-7". The experimental measurcment (A) of the backscattering
shows resonances superimposed upon the background. We notice narrcow
resonance peaks as well as the higher order broader resonances. The
distance between the neighboring resonances of the same order depends
slightly on the order of resonances ard on the size parameter. Be-
cause of ihat, each group of resonanccs (denoted by 1, 2 and 3) has

a differert characteristic structure, 7.e., different morpholog

The same structure appears in a coarse numerical calculation (B),

and it is just this characteristic morphological structure of each
group of resonances which allows us unambiguously to identify the ex-
perimentally observed peaks. A detailed numerical calculation (C)
reveals additional narrow resonances that have not bceen observed ex-
perimentally because their width is below the resolntion power of the
experiacntal equipmen: used. The refractive index ¢f oil droplet
used is m - 1,42,
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a broader higher order resonances in partial waves with n = x). We
conclude that the morphology of the resonance structure leads to an
unambigous identification of the experimentally measured peak 1 in
Figure 7A with the theoreticaily calculated peak 1 in Vigure 77,
Now, since we know precisely the wavelengthi » at which peak 1 was
observed as well as the size parameter x at which peak 1 occurs in
the numerical calculations, we can determine with a high degree of
accuracy the radius of the observed droplet, as has been already
demonstrated elsevhere (Chilek et al., 1978a, 197&bL).

We were fully aware that by using the step size of Ax = 0.001
in our numerical calculations we could lose many of the narrow peaks
in the backscattering structure. By using a corputer resolution of
the same order as the resolution of the experimental equiprent used,
we hoped to get comparable structures as shown in Figures 7A and 7B.
By incrcasing the resolution of our numerical calculations we obtain
the full backscatterving structure (Fig. 7C). It follows that the
resolution powar of the instrumental arrangement usced was not high
enough to observe the first and the second order rescnonces. To
observe these nirrow resonances the reseolution pover ¢f experinental
observation has to be increased by several orders of magnitude

5. SURFACE WAVES ON NON-SPHERICAL PARTICLES

Our preliuwinary resules indicate that surfroce waves do exist at
least in definite arientstices of axially symmetric von-spherical
particles. Oa ti: other hand, the strength of surfuace waves is con-
siderably reduced when non-spherical partizles ¢re in randem orien-
tation. The ;e conclusions were deduced from nuwerical calcalations
using the es.2nded Loundacy condition method. Detail: of these cal-

culatious wi.l be veported elsewhere.
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